Free-interface modal synthesis method is applied to civil structure, and a substructure method is proposed by introducing the method into global sensitivity method. The substructure expression of the derivatives of eigenvalues and eigenvectors with respect to elemental parameters is obtained. The accuracy of the application of free-interface modal synthesis method is evaluated with different retained modes in substructure, and then the effectiveness of the proposed substructure sensitivity method is illustrated through an 11-storey building under both single-and multidamage cases. Both the damage locations and the extent can be effectively identified. By comparing it with the identical results of global sensitivity method, the proposed method can be faster in detecting the damage location and more stable under multidamage cases. Since this substructure sensitivity method only needs to update sensitivity matrix in the substructure with relative small number of DOFs, it may save much computation effort and become more efficient.
Introduction
To ensure the safety of large-scale civil infrastructures, more and more health monitoring systems are adopted to evaluate health condition and also to prevent sudden failure due to accumulation of component damages [1] [2] [3] [4] [5] . Nowadays, although more sensors were installed and varieties of data were collected, it encounters a problem on how to derive useful information or identify some early damage through the massive data [6, 7] . An accurate finite element model (FEM) is usually required to provide a baseline of the healthy structure, but, due to uncertainties from geometry, material properties, and boundary conditions, the FEM needs to be first updated through the picked up information [8, 9] . Moreover, by comparing the output change such as natural frequency, mode shape, mode shape curvature, and flexibility changes due to structural aging or adverse environmental effects, it is expected that the system should be able to detect local damages and give maintenance advices [10] [11] [12] . As it comes to civil structures, their FEMs usually have large number of DOFs, which will result in equations with huge dimension during the model updating and damage detection procedure. And it would take on a lot of resources and make the calculation to be very time-consuming [13] [14] [15] .
Sensitivity-based method is believed to be an effective way in model updating and damage detection. It is based on the fact that a perturbation in parameters will affect the outputs of a structure, such as frequencies and mode shapes [16] . And the derivative of target function with respect to system parameters is defined as sensitivity. Many efforts have been made by researchers [17] [18] [19] [20] [21] . In these sensitivity methods, a sensitivity matrix has to be computed at each time step. It will be a tedious work if too many uncertainties are assumed. Substructure method [22] may be an effective approach to the problem. The main idea is to divide a whole structure into many substructures first, and then the calculation can be achieved independently in each substructure. Finally, reconstruction work is done based on the boundary conditions. Chen and Bicanic [20] first proposed a substructure method to calculate eigenvalue and eigenvector. Kron and Li et al. [23] [24] [25] [26] [27] proposed a substructure method in time domain to identify local damage under moving vehicular loads without knowledge of the vehicle properties and the time-histories of moving interaction forces. And Weng et al. [28, 29] extent 2 Shock and Vibration Kron's method and proposed an inverse substructure method in frequency domain.
This paper attempted to apply free-interface modal synthesis method in civil infrastructure and to introduce the method into the traditional global sensitivity method and to establish a substructure sensitivity method. The derivatives of eigenvalue and eigenvector with respect to system parameters will be calculated with the substructure method. With only those factors within certain substructures having nonzero value, this method is supposed to require few computation efforts and higher efficiency in damage detection. Numerical example is conducted on an 11-storey frame building. In order to maintain the accuracy during damage detection, the accuracy of modal synthesis method will be first discussed and then the damage detection ability of the proposed method will be verified under several damage cases.
Free-Interface Modal Synthesis
The idea of modal synthesis method is to first divide a structure into a series of substructures with no bound constraints attached. After acquiring the dynamic characteristics of every substructure, the system equation can be reconstructed by taking the displacement coordinate of each substructure into account, and finally the modal information can be derived from this equation. To facilitate the description, it is assumed that the structure is divided into only two substructures, named substructures and . And modal synthesis method with more substructures concerned can also be derived from the following equations.
Basic Modal Equation of a
Substructure. Similar to the whole structure, taking substructure as an example, the equations of motion with free vibration case can be expressed as 
where { ( ) } represents the responses in modal coordinate. The nodes of the substructure can be divided into two sets: those attached to the interface and those with only internal forces applied on. It is expressed as subscription and , respectively. Then, the displacement vector can be expressed as
By normalizing using mass matrix, the dominate equation of { ( ) } in modal coordinate is 
containing the eigenvalues of selected substructure and, in accordance with diagonal arrangement, { ( ) } is the interface force vector.
Interface Coordination Conditions.
Assuming that only the first and modes of substructures and are considered during modal synthesis and the number of interface DOFs of the substructure is J, since the two substructures share the same nodes at the interface, there should be displacement coordination equations as
By using (2) , this equation can also be written in modal coordinate as
In order to reconstruct the system equation, it is supposed that the number of the retained modes of each substructure should exceed the number of DOFs of the interface J, that is, to require > and > , and [ ( ) Φ ] can be written as
where
and the rest modal vector are formed as
It can be noticed from (9) that those independent modal terms { ( ) } can be expressed as
in which
Matrix [ ] here can be considered as a transformation matrix for the second coordinate transformation, and { } is the generalized coordinate of the remaining DOFs in this coordinate.
Reconstructed Modal Equation.
Since the boundary condition is assumed to be free for substructures and , the following modal equation can be obtained by simply putting their modal equations together:
By substituting the second coordinate transformation equation (11) and multiplying [ ] in both ends plus considering that the reaction forces are coupled in the interface nodes, one can reconstruct the system modal equation as
By solving (16) , the expression of eigenvalue and eigenvector in this coordinate can be obtained, by further using (2) and (11) for inverse coordinate transformation and then comes the eigenvalue and eigenvector of the whole structure:
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Sensitivity Analysis.
The dynamic response sensitivitybased model updating method is adopted here with
where Δ is the perturbation of the vector of structural elemental stiffness factors and Δ is the changed structural responses due to damage. And is the sensitivity matrix of the structural responses with respect to the stiffness factors. Equation (18) implies that, when performing sensitivity analysis, the sensitivity matrix of the responses with respect to each elemental stiffness factor should be calculated on each time step. For structures with large DOFs, the calculation burden will be huge. Therefore, instead of calculating the sensitivity matrix in the whole structure, it is expected by introducing the substructure method; the calculation can be done in parallel in different substructure. Moreover, for civil structures, usually there are key parts or components which people may concern most. In such situation, one can assume that damage only occurs in certain substructures and there are non-zero values only for those corresponding terms in sensitivity matrix.
Derivatives of Eigenvalue with Substructure Method.
The basic modal equation expressed as equation (14) is written as a truncated Taylor series
where the parameter here still represents the changing factor of the whole structure, by multiply { } on both ends achieves
And because of the symmetry of ( * − * ) and noticing ( * − * ){ } = 0, the above equation can be simplified as
Then, with substitution of
Denoting { } = { }, the above equation can be rewritten as
And the first-order derivative of the eigenvalue with respect to elemental parameter can be expressed as
Since each substructure is independent, the derivative can be calculated solely in certain substructure which contains the element parameters; otherwise, the irrelevant terms should return a zero value. Consider
in which Ω can be calculated by first normalizing the substructures' mass and stiffness matrix and then putting them into one diagonal matrix:
By further applying modal truncation and sparse matrix storage in the above procedure, the system resource will be greatly saved during the construction of sensitivity matrix. Subscription and refer to the "master" and "residual, " respectively. By putting the master or residual eigenvectors of the substructures together, one can get
Derivatives of Eigenvector with Substructure Method.
By using free-interface modal synthesis method mentioned above, the th eigenvector can be expressed as
Differentiating this equation with respect to some elemental parameter results in
where Φ / represents the derivative of master modes' eigenvector with respect to parameter . It is noticed that the equation can be solved once { / } was obtained.
Assume that
For {V }, substituting (29) into (19) gives
Noticing that ( * − * ){ } = 0 and substituting (16) into the equation, (30) can be simplified as
Considering that there are no duplicated frequencies, then the dimension of is and the rank of this matrix should be − 1. Denoting kth term to be the largest term in { }, by setting sum of the kth row and column into zero, as well as = 0, (31) becomes
from which {V } can be solved. In order to solve , the orthogonally of the eigenvector can be expressed as
Differentiating (34) with respect to gives
Then, substitute (29) into the above equation,
And the factor can be expressed as
Thus, the first-order derivative of { } with respect to can be achieved as
Finally, the derivative of eigenvector with respect to elemental parameter can be obtained through (29).
Iterative Damage Detection Procedure.
Initially, it is assumed that the analytical finite element model is intact, while damage is simulated as a decreasing of elastic modulus in certain element. The damage detection iterative procedure aims to detect the damage location and extent through the convergence of eigenvalue and eigenvector.
Step 1. Acquire the dynamic responses of damaged structure and transform these responses into frequency domain.
Step 2. Set the target function which is to be minimized. Usually, the target function vector will be formed by the first few eigenvalues and eigenvector listed together, and then the root-mean-square (RMS) value of the vector is the target function to be minimized.
Step 3. Construct the sensitivity matrix through substructure modal synthesis approach. The derivative of the target function with respect to every elemental stiffness factor should be calculated. The ones with eigenvalue and eigenvector terms can be solved with (24) and (39), respectively. The feature of the proposed substructural approach is that when calculating the sensitivity matrix, only those substructures which contain the elemental parameter will have non-zero value and need to be calculated; that is, the calculation will be limited to a much reduced dimension.
Step 4. Solve the perturbation vector of elemental stiffness factors Δ from (18) with Least Squares Method or Tikhonov Regularization Technique.
Step 5. The elemental stiffness factors are iteratively updated with +1 = + Δ for the next iteration. Repeat Steps 2-5 until the convergence criterion is met to some level.
Step 6. Calculate the damage index which defines the damage extent of each element.
Numerical Studies
Modal Synthesis on a Frame
Structure. Due to the mode truncation, there will be errors while using the modal synthesis method mentioned above. Since it is not expected too much errors caused by the uncertainty of the system parameters, the accuracy of the modal synthesis method is first examined by a simple example. As shown in Figure 1 , numerical studies on an 11-storey frame structure are performed to examine the relationship between the number of maintained modes and the accuracy of this method. The finite element model of the structure consists of 24 nodes and 33 planar elements. It is considered that each node has 3 DOFs and there are a total number of 66 DOFs for the whole structure. The retained modes of the two substructures begin with 6 and 12 in Group 1 and increase by 2 for the next calculation until all the modes are included. Based on the modal analysis, it is expected that there should be a convergent point for the desired accuracy along with the increasing retained modes of the substructures. In this example, the first 8 eigenvalues and eigenvectors are selected to be examined. In order to further discuss how many modes should be retained, the following convergence index is defined. By gradually increasing the retained modes of the substructure, the sum of eigenvalues also increased, and here convergence index is calculated 6 Shock and Vibration by how much percentage the sum of eigenvalues will change with the increasing retained modes:
is the sum of eigenvalues after modal synthesis at the th calculation and n is the first modes to have certain accuracy.
The convergence index with respect to the retained modes of the substructures is listed in Table 1 , the reduction of can be observed from Figure 2 clearly, and there is less convergence after Group 4 where 12 and 18 retained modes were included for substructures and . accuracy of Group 4. It is obvious from the table that the differences of both frequencies and MAC are rather small. The first 8 mode shapes after modal synthesis of Group 4 are plotted in Figure 3 .
Substructure Damage Detection on a Frame Structure.
Usually, the experimental data collected by applying damages on some elements and the differences between the analytical and the experimental responses are calculated in target function and are to be minimized during the iteration procedure. For the example discussed in this paper, only the first 8 frequencies and mode shapes are included in the target function expressed as
where the superscript "e" represents the true value, which means value from the damaged model, and "a" represents the analytical value. and V are the weight factors applied to the th frequency and eigenvector terms, respectively. The whole structure is simply divided as 2 substructures. Meanwhile, the frequencies and mode shapes of the damaged model are first calculated from finite element model and assumed to be known as experimental data. And all the damages are assumed to be loss in the young's modulus of 
Three single damage cases are first studied, Case 1, Case 2, and Case 3; assumed elemental stiffness reduction happens on elements 1, 10, and 23 referring to Figure 1 by 30%, 40%, and 20%, respectively, while other elements remain unchanged. Figure 4 shows the damage detection results by the proposed free-interface modal synthesis based sensitivity method for the three cases, from which one can see that the proposed method can detect the damage location perfectly. And the identified damage extents are very close to the true value. Noticing that, although in Case 1 several false detections are found in those undamaged elements, the maximum SRF for these false detection elements is below 0.05, which is ignorable compared to the real damage. It is believed that by optimal choosing the target function for different damage scenario can improve the damage identification results. Therefore, the feasibility of the proposed method can be verified.
Damage Detection Ability Compared with Traditional
Sensitivity Method. In this session, in order to evaluate the detection effectiveness of the proposed method, more damage cases are chosen randomly, including single damage and multidamage cases. The damage detection results of the proposed substructure method are compared with those by traditional global sensitivity method. Three damage cases are listed in Table 3 , in which Case 4 is a single damage case, while Cases 5 and 6 are multidamage cases.
For Case 4, both the global and the proposed substructure sensitivity method can detect the damage location and damage extent as well. As compared in Figure 5 , for this damage scenario, the traditional sensitivity method will have better detection results. The proposed substructure method has several elements being falsely detected, and some of the SRF values are approximate to 0.1, which is larger than that of the global sensitivity method with maximum false detection value being 0.035. However, the comparison of the updated frequencies and mode shapes with true values listed in Table 4 shows little differences in both first ten frequencies and mode shapes, which proves the feasibility of the proposed method in model updating.
Further examining the convergent procedure, the SRF values of the proposed substructure on iterations 1, 3, 4, and 5 are graphed in Figure 6 , from which one can see that the proposed method is able to locate the damage in the very beginning. And along with the convergence, approximate damage extent was found on iteration 4. As compared to the global method in Figure 7 , where SRF values of iterations 1, 4, 9, and 10 are graphed, the damage location has not been found until iteration 10. As it comes to the damage extent referred to the convergent curves in Figure 8 , the global sensitivity method will have a better convergent and a faster convergent rate in this case. Case 5 is a multidamage case with two elements assumed to have stiffness reduction of 30% and 20%, respectively. Figure 9 compares the detection results of the two methods. Along with some elements being falsely identified with the maximum SRF less than 0.05, the proposed substructure method was able to identify the damage location. And the identified SRF values of the damaged elements are 28.0% Shock and Vibration and 20.3%, which are very close to the true values. As for the global sensitivity method in this case, it fails to identify the damaged elements. Instead of elements 3 and 8, the global method has elements 4 and 7 to be the damaged elements. It is observed from the convergent curves (Figure 10 ) that the substructure sensitivity method gives a relatively smooth fluctuant and overall steady reduction convergent curve, while the global method gives a convergent curve with severe turbulence in this case. And it refuses to converge only after the value of the target function reaches to 3.3. Figure 11 shows the identified results of Case 6 where 3 elements are assumed to have stiffness reduction by 30%, 50%, and 20%. The proposed substructure method identifies exact damage locations, and the identical SRF values for elements 1, 2, and 7 are 27.2%, 47.0%, and 18.1%, which are very similar to the preset values 30%, 50%, and 20%. Still there are some falsely identified values in some undamaged elements, but all these values are below 0.05. As for the traditional global method, it also detects the damage location correctly, and the identified SRF values are 33.1%, 49.1%, and 19.8%, which are also approached to the true value. However, compared to the substructure results, the false identified problem is more serious. For example, the identified SRF value of element 14 is 11.9%.
Concluding Remarks
A free-interface modal synthesis method is applied to civil structures, and, by introducing to the sensitivity method, a free-interface modal synthesis based substructure sensitivity method is proposed for damage detection. The derivatives of eigenvalue and eigenvector with respect to elemental parameters are calculated with substructure approach and herein facilitate the calculation burden of sensitivity matrix.
The application of modal synthesis method and the effectiveness of the proposed substructure damage detection method were verified through a frame structure. As the mode truncation may bring errors to the identification procedure, a criterion for retaining mode numbers of substructure was first proposed. Although there is still some slight false identification, overall, the proposed substructure method was able to identify the damage location as well as the damage extent correctly in both single-and multidamage scenarios. Compared to traditional global sensitivity method, the proposed substructure method has a better speed in detecting the damage location and is even more stable in multidamage cases. More importantly, different from global sensitivity method which takes the whole structure in calculating the sensitivity matrix in every step, the proposed substructure method will only need to calculate and update sensitivity matrix in certain substructure which contains the parameter. And the updating procedure is done within a relative small dimension. By doing so, the proposed substructure method will have fewer calculation and storage burden, and it will be an advantage on model updating efficiency.
